We present several results on counting untyped lambda terms, i.e., on telling how many terms belong to such or such class, according to the size of the terms and/or to the number of free variables.
Introduction
This paper presents several results on counting untyped lambda terms, i.e., on telling how many terms belong to such or such class, according to the size of the terms and/or to the number of free variables. In addition to the inherent interest of these results from the mathematical point of view, we expect that a knowledge on the distribution of terms will improve the implementation of reduction and that results on asymptotic distributions of terms will give a better insight of the lambda calculus. For counting more easily lambda terms we adopt de Bruijn indices that are a well-known coding of bound variables by natural numbers. First we give recurrence formulas for the number of terms (and of normal forms) of size n having m variables. These recurrence formulas are not familiar in combinatorics and not amenable to a classical treatment by generating functions. In a first part of the paper, we examine the formulas for terms and normal forms when n is fixed and m varies, which are polynomials. We give the expressions of the first coefficients of those polynomials since an expression for the generic coefficients seems out of reach and no regularity appears. However this shows that these expressions are clearly connected to Catalan numbers. If we would find an explicit expression for the last coefficients, this would be an explicit expression for the closed terms. In the second part, we give formulas for the generating functions showing the difficulty of a mathematical treatment. The results presented here are a milestone in describing probabilistic properties of lambda terms with answers to questions like: How does a random lambda term looks like? How does a random normal form look like? How to generate a random lambda term (a random normal form)?
2 Untyped lambda terms with de Bruijn indices I am dedicating this book to N. G. "Dick" de Bruijn, because his influence can be felt on every page. Ever since the 1960s he has been my chief mentor, the main person who would answer my question when I was stuck on a problem that I had not been taught how to solve.
Donald Knuth in preface of [11] The λ-calculus [1] is a logic formalism to describe fonctions, for instance, the function f → (x → f (f (x)), which takes a fonction f and applies it twice. For historical reason, this function is written λ f.λ x.f (f x), which contains the two variables f and x, bounded by λ.
In this paper we represent terms by de Bruijn indices [7] , this means that variables are represented by numbers 1, 2, ..., m, ..., where an index, for instance k, is the number of λ's, above the location of the index and below the λ that binds the variable, in a representation of λ-terms by trees. For instance, the term with variables λx.λy.x y is represented by the term with de Bruijn indices λλ21. The variable x is bound by the top λ. Above the occurrence of x, there are two λ's, therefore x is represented by 2 and from the occurrence of y, we count just the λ that binds y; so y is represented by 1. In what follows we will call terms, the untyped terms 1 with de Bruijn indices. Let us call T n,m , the set of terms of size n, with m de Bruijn indices, i.e., with indices in I(m) = {1, 2, ..., m}. A term in T n,m , is either a de Bruijn index or an abstraction on a term with m + 1 indices i.e., a term in T n,m+1 or an application of a term in T n,m on a term in T n,m . We can write, using @ as the application symbol,
Moreover terms of size 1 are only made of de Bruijn indices, therefore
From this we get:
1 Roughly speaking, typed terms are terms consistent with properties of the domain and the codomain of the function they represent.
T n,0 is the set of closed terms (terms with no non bound indices) of size n. Notice that
Let us illustrate this result by the array of closed terms up to size 5:
The equation that defines T n,m allows us to compute it, since it relies on entities T i,j where either i < n or j < m. Figure 1 is a table of the first values of T n,m up to T 18,7 . We are mostly interested by the sequence of sizes of the closed terms, namely T n,0 , in other words the first column of the table. The values of T n,0 correspond to sequence A135501 (see http://www.research.att.com/~nudges/sequences/A135501) due to Christophe Raffalli, which is defined as the number of closed lambda-terms of size n. His recurrence formula for those numbers is more complex. He considers the values of the double sequence f n,m . T n,m and f n,m coincide for m = 0, i.e., T n,0 = f n,0 .
He adds
The last term is for the application where c is the number of common variables in both subterms. f n,m can be computed only using f n ′ ,m ′ with n ′ < n and m
Notice that he deals only with sequence T n,0 , whereas we consider the values for any value of m, from which we can expect to extract interesting informations. The main interesting statement we can draw from this is that considering lambda terms with explicit variables or considering lambda terms with de Bruijn indices makes no difference, at least when no β-reduction is taken into account. We feel that considering lambda terms with de Bruijn indices makes the task easier and produces more results.
Bounding the T n,0 's
We can show that the T n,0 's are bound by the Motzkin numbers. More precisely we get the following proposition.
Proof: There is a one-to-one correspondance between unary-binary trees and lambda terms of the form λM in which all the indices are 1. Hence the results, since Motzkin numbers count unary-binary trees.
We conclude that the asymptotic behavior of the T n,0 's are at least 3 n since the Motzkin numbers are asymptotically equivalent to 
The functions m → T n,m
Due to properties of the generating function (see Section 6) we are not able to give a simple expression for the function n → T n,m , so we focus on the function m → T n,m . These functions are polynomials P T n , defined recursively as follows:
See Figure 2 for the first 18 polynomials. The table below gives the coefficients of the polynomials P T n up to 13. The degrees of those polynomials increase two by two and we can describe their leading coefficients, their second leading coefficients and the third leading coefficients of the odd polynomials.
Proof: This is true for P T 1 = m and P T 2 = m+1 which have degree 1. Assume the property true up to p. Note that all the coefficients of the P T n 's are positive. In
Indeed, par induction the degree of P T n (m+1) is n÷2 which is less than (n+1)÷2, therefore we can consider that P In what follows, for short, we write θ 2q+1 and θ 2q the leading coefficients of P T 2q+1 and P T 2q , τ 2q+1 and τ 2q the second leading coefficients of P T 2q+1 and P T 2q , and δ 2q+1 the third leading coefficients ofP T 2q+1 . We also write, as usual, C n the n th Catalan number. We define five generating functions.
Proposition 3
The leading coefficients of P T 2q+1 are 1 q+1 2, i.e., the Catalan numbers C q .
Proof: From Equation (3) and the last two steps of the proof of Proposition 2, we deduce the following relation :
which says that the leading coefficient of an odd polynomial comes only from the leading coefficients in the products of odd polynomials. We get:
which shows that
and Od(z) = C(z), the generating function of the Catalan numbers.
Proposition 4
The leading coefficients of P Proof: Without lost of generality, we assume that θ 0 = 0. From Equation (3), we get, for q ≥ 1,
which says that the leading coefficient of an even polynomial comes from the leading coefficient of the preceding odd polynomial and of the products of the leading coefficients of the products of the smaller polynomials. We get:
which is the generating function of the sequence Proof: From the proof of Proposition 2, we see that the monomial of second highest degree of P 2q+1 is made as the sum:
• of the monomial of highest degree of P 2q ,
• of the products of the monomials of highest degree from the P i 's with even indices and
• the products of monomials of highest degree with monomials of second highest degree from the P i 's with odd indices.
We get for q ≥ 1:
We notice that τ 1 = 0. Therefore we get:
which is the generating function of (2q − 1)
Proposition 6
The second leading coefficients of P T 2q are τ 0 = 0, τ 1 = 1, τ 2 = 5 and for q ≥ 3,
Proof: From Equation (3),we get
The second leading coefficient of an even polynomial P T 2m+2 is made of four components:
• the coefficient of degree q in θ 2q+1 (m+1) q+1 , namely (q + 1)θ 2q+1 ,
• the coefficient of degree q in τ 2q+1 (m + 1) q , namely τ 2q+1 ,
• the sum of the products of the leading coefficients of the odd polynomials and the second leading coefficients of the even polynomials (this occurs twice, once in product P 2i−1 P 2q−2i+2 and once in product P 2i P 2q−2i+1 ),
• the sum of the products of the leading coefficients of the even polynomials and the second leading coefficients of the odd polynomials (twice).
From the above induction, Sev fullfils the following functional equation:
where (a n ) n∈N is sequence A029887 of the On-Line Encyclopedia of Integer Sequences whose value is:
(2n + 1)(2n + 3)(2n + 5) 3
Proposition 7
The third leading coefficients of P T 2q+1 are
) − 1, the third coefficient is the sum of seven items:
• the second coefficient of θ 2q (m + 1) q , namely qθ 2q ,
• the first coefficient of (m + 1) q−1 , namely τ 2q ,
• the sum of products of leading coefficients and second leading coefficients for even polynomials (twice),
• the sum of leading coefficients and third leading coefficients for odd polynomials (twice),
• the sum of second leading coefficients with second leading coefficients.
The formula for δ 2q+1 is:
which gives the following equation on generating functions:
which yields:
The first part corresponds to sequence A002699 which expression is q 2 2q−1 . 1/(1 − 4z) 3 √ 1 − 4z corresponds to sequence A144395. Therefore the second part yields the expression
Hence typically if we pose
we have in general:
showing the prominent role of Catalan numbers. The relations for the other coefficients are more convoluted 2 and have not been computed. It should be interesting to study the connection with the derivatives of the generating function C(z) of the Catalan numbers [12] .
Normal forms
Lest us call F m the set of normal forms with {1, .., m} de Bruijn indices and G m the sets of normal forms with no head λ and also de Bruijn indices in {1, .., m}. The combinatorial structure equations are
Let G n,m be the number of normal forms of size n with no head λ and with de Bruijn indices in I(m) and let F n,m be the number of normal forms of size n with de Bruijn indices in I(m). The relations between G n,m and F n,m are
whereas the relations between generating functions are
The coefficients F n,m are given in Figure 3 .
The functions m → F n,m
Like for m → T n,m , the functions m → F n,m are polynomials of degree n+ 1 ÷ 2, which we write P N F n and which are given in Figure 4 . The coefficients of polynomials P N F n enjoy properties somewhat similar to those proved for polynomials P T n . In this section, we write P n (m) the polynomial P N F n (m), Q n (m) the polynomial associated with G n,m , ϕ n the leading coefficient of P n , ϕ n the leading coefficient of Q n , ψ n the second leading coefficient of P n and ψ n the second leading coefficient of of Q n . We have the equations
Proof: Here also the coefficients are positive. The degree of P n is the degree of Q n by (4). One notices that deg P 0 = deg Q 0 = 0 and deg P 1 = deg Q 1 = 1. The general step can be mimicked from this of Prop 2.
We define eight generating functions:
The leading coefficients of P N F 2q+1 are Catalan numbers.
Proof: We see easily that ϕ 2q+1 = ϕ 2q+1 by (4) . By (5), we see that
Hence the result F od(z) = F od(z) = C(z) (see proof of Proposition 3). Proof: From Equations (4) and (5),we get:
from which we get
then
and
.
Hence F ev(z) is the generating function of the sequence ϕ 0 = 0, ϕ 2 = 1 and
Proof: Proof: From the proof of Proposition 8,
Recall what we have computed for plain terms:
coefficients generating functions values equivalents
Od(z)
q 3 π and for normal forms coefficients generating functions values equivalents
F od(z) 
Generating functions for terms
We consider the vertical generating functions which gives the T n,m 's for each value of m.
Vertical generating functions
We see that We see that T m is defined from T m+1 . Like the bivariate generating function T (z, u), T m (z) is also difficult to study, because we have T m defined in term of T m+1 .
Conclusion
We have given several parameters on numbers of untyped lambda terms and untyped normal forms and proved or conjectured facts about them. On another direction, it could be worth to study typed lambda terms, whereas we have only analyzed untyped lambda terms in this paper.
